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1.  Bose Hubbard Model: Mott - Superfluid transition!
2.  Vortex dynamics (mass) of Hard Core Bosons!
3.   Field tuned SIT – Quantum Vortex Liquid!
4.   Hall conductivity, sign changes.!
5.   “Bad Metal” Resistivity.!



Con0nuum	  bosons	  	  	  	  vs	  	  	  	  	  	  	  La7ce	  
bosons	  
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Gross-Pitaevskii field theory Quantum XY model 
4He JJ arrays, Optical lattices 



Vortex Tunneling in Continuum BEC	
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1.  Low T resistivity depends on vortex tunneling rate.!
2.   Lattice potential enhances vortex mobility!!

vortex motion = scattering of supercurent 

AA,  D.P. Arovas, S. Ghosh, Phys Rev B 74, 2006 

∆P = hnẑ×∆dij



Low Capacitance Josephson Arrays	  
E(N) ∼ (2e)2N2
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velocity distribution 

superfluid 

Mott insulator 

Mott-Superfluid transition

Nature (2002) 



Bose Hubbard Model	

Zimanyi et. al (1994) 

superfluid 

Mott insulators 
QCP 

phase order 

incompressible 

S=1,  O(2) relativistic GP 

truncate 
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Introduction of vortices into 
the superfluid -- 
vortex lattice melting 



flu	  near	  QCP	  

Relativistic Gross-Pitaevskii = O(2)  field theory (Higgs) 

order parameter field 

�Ψ

�Ψ

Massive amplitude 
oscillations 

Phase mode 
(Plasmon) 

Altman AA, , PRL 89, (2002) 



QCP	  near	  Mo<	  phase	  

3D XY critical point!
(modified by disorder?)!

Amplitude mode 

phase mode (plasmon) 
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Hard-Core Regimes	

U/t à 

Hard Core Limit: i ≤ ni ≤ i+ 1

Mott insulators 



Hard	  Core	  Bosons	  =	  spin	  half	  representa0on	  

truncation 
of Hilbert space 

spin-1/2 doublet 

HCB are different than free bosons 

especially around half filling (n=1/2)!
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Effec0ve	  Hamiltonian	  

Gauged Spin ½ XXZ model 

Spin  
configuration HCB 

|0〉 → | ↓〉

|1〉 → | ↑〉

Solved by techniques of Quantum Magnetism!!



Ground states of Hard Core Bosons	  

Ising/Neel 

O(2) Ferromagnetic 

half filling:  ordinary statics,!
"- interesting dynamics!!

Mean field theory 
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superfluid 

“Spin-Flop” transition (Fisher-Liu) 



Superfluid	  density	  versus	  charge	  density	  

low particle density low hole density 
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ρs(T = 0)

filling 
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Half filling: “Optimal Doping” (highest Tc)!
STRONGEST LATTICE EFFECTS!

particle hole symmetry: 

hole doping   

∗T
AF 

d-SC 

T
resembles cuprates? 



Compu0ng	  Vortex	  mass	  on	  the	  Gauged	  Torus	  

gauge field  

B 

Aharonov-Bohm fluxes 

Lindner. AA  Arovas, PRL (2009) 
Phys. Rev. B 82 (2010) 
 



Fi7ng	  the	  vortex	  hopping	  rate	  

Fit yields: 
Vortex mass = boson mass at half filling

Lindner. AA  Arovas, PRL (2009) 
Phys. Rev. B 82 (2010) 
 



“Vortex	  wavefunc0ons”	  vs.	  vor0city	  density	  

Vorticity density 
(HCB, exact) 

Single vortex wavefunction 
(Harper model) 

Harper model = particle in a 2D harmonic well + magnetic field 



Quantum	  Mel0ng	  

Multivortex hamiltonian = Bose Coloumb liquid  

Magro and Ceperley: Wigner solid melts at  

Quantum Vortex liquid: not Bose condensed!	

Therefore, the vortex lattice should quantum melt at 

Bcr � 10−2Φ0

a2



Magne0c	  field	  induced	  SIT	  :	  
vortex	  la7ce	  quantum	  mel0ng	  

Bose 
Metal(?) 
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Quantum	  mel0ng	  in	  cuprates	  
Nature Physics 3, 311-314 (2007)	


strong  
diamagnetism 

Tm decreases with field. (Non classical) 
H 

Tm 

A quantum phase: 
Vortex condensate? 
Vortex metal? 



Hall	  Conductance	  of	  Hard	  Core	  Bosons	  
Thermally averaged Chern numbers 

Gross Pitaevskii 
Lattice induced 
charge conjugation antisymmetry 

Sharp transition at half filling!

Avron and Seiler, PRL (85) 



Conduc0vity	  above	  BKT	  transi0on	  

 2D  
ρs(T )

vortices proliferation 

Halperin- Nelson 
Vortex plasma conductivity 



Kubo	  conduc0vity	  

JxHCB Current Operator 

Real Conductivity: 
current fluctuations function 

superfluid stiffness 



Current	  fluctua0ons	  func0on	  

Liouvillian hyper-operator 

Moments expansion: 

We can invert a finite set of moments!
if we know the high order asymptotics!!

Static correlators:  
amenable to high T expansion 



“Gaussian	  Termina0on”	  –	  high	  coordina0on	  
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Linear  recurrents à Gaussian dissipation 
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Different from Boltzmann transport!



Ω = zeff J

convergence 

Gaussian decay 

Computed recurrents 

4x4 ED 

Dynamical	  conduc0vity	  



HCB:	  Field	  theory	  at	  n=1/2	  

Relativistic Gross-Pitaevskii = O(2)  field theory (Higgs) 

Berry phases 

2. Relevant for quantum disordered phases, (Haldane, Read, Sachdev) 
 
3. Relevant for vortex dynamics, degeneracies (Lindner AA Arovas).  

1. Irrelevant for static corelations in superfluid phase. 

order parameter field 



Quantum	  Degeneracies	  in	  Vortex	  states	  

Proof:  
We construct a non commuting algebra of symmetries 

Odd number of vortices 

Theorem:  
Doublet degeneracies, of all eigenstates, occur when the vorticity center 

is situated precisely on any lattice site. 

Exact spectrum of the gauged torus at half filling 
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Lindner, AA, PRB (2010) 

Analogues: (w Daniel Podolsky)!
Oscillating coherence near Mott phase of optical lattices!
Magnitude mode in 1-D CDW’s!
2-magnon Raman peaks in O(3) antiferromagnets !

m 
Higgs mass!

Amplitude	  (Higgs)	  oscilla0ons	  



`Bad	  Metal’	  

conventional metal 

Breakdown of Boltzmann theory 

Emery & Kivelson `Bad Metal’ behavior!

R ∝ T



High	  temperature	  resis0vity	  

“Bad Metal”: !
linear increase, no resitivity saturation 

T
3D
c

Halperin- Nelson 
Dv ∼ Ja2/h̄

error estimate 



“Homes	  Law”	  

dR(Tc)

dT
∝ RQ

ρs(0)



“Homes	  law”	  of	  HCB	  

= 6453 Ω

Data: Homes et. al. 



1.  SIT in granular films can be described by Lattice 
bosons models = frustrted quantum antiferromagnets!

2.   Lattice  (granularity) mobilizes vortices and give rise 
to insulating phases.!

3.  Hall conductivity oscillates with  boson filling. Vortices 
acquire spin-half  (“V-spin”)  degeneracies at half 
filling.!

4.   The Higgs amplitude mode should be observable near 
the SIT  Transition.!

5.  In clean systems:  HCB exhibit non-Boltzmann “bad 
metal” resistivity.!

6.  (Weak) magnetic  field à quantum vortex liquid 
(perhaps an intermediate metallic phase)!

Summary	  



Why	  puddles	  are	  ubiquitous	

Clean system (no disorder)	
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B
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cµ )( xVSC	 SC	
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Imry-Ma: In 2D, 
Arbitrary weak disorder eliminates  
the 1st order transition 
and breaks the system into domains. 	

SC	 I	

Shimshoni, AA, Kapitulnik, PRL  80 (1998). 

Henceforth: consider a 2D Josephson-capacitors array!


